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Introduction
Let Z and N be the set of integers and the set of positive integers, respectively. The Euler numbers {E n } are given by E 0 = 1, E 2n−1 = 0, n r=0 2n 2r E 2r = 0 (n = 1, 2, 3, . . .).
For k, m ∈ N and b ∈ {0, 2, 4, . . .}, in 1875 Stern [9] proved the following congruence, which is now known as Stern's congruence:
There are many modern proofs of (1.1). See for example [1, 3, 8, 10] . Let b ∈ {0, 2, 4, . . .} and k, m ∈ N. In [7] the first author and L.L. Wang showed that E 2 m k+b ≡ E b + 2 m k(7(b + 1) 2 − 18 + 2 m k(7 − b)) (mod 2 m+7 ) for m ≥ 3.
(1.2)
In [4] , the first author introduced the sequence {E 
(1.4)
For a prime p and nonzero integer n let ord p n denote the unique nonnegative integer α such that p α | n and p α+1 ∤ n. In [4] , Z.H. Sun showed that for given nonzero integer a, nonnegative integer b and positive integers k and m,
(1.5) In this paper we determine E (a)
For a real number x let [x] be the greatest integer not exceeding x. Let {U n } and {S n } be given by
From [4, 5] we know that
and S n = E
n .
(1.6) Let ϕ(n) denote Euler's totient function. In [6] the first author established congruences for E kϕ(3 m )+b (mod 3 m+4 ) and U kϕ(3 m )+b (mod 3 m+4 ).
For m ∈ N, let Z m be the set of rational numbers whose denominator is coprime to m. In [2] , the first author introduced the notion of p−regular functions. If f (k) ∈ Z p for any nonnegative integers k and
Let ( a p ) be the Legendre symbol. In [5] and [3] , the first author proved that for any odd prime p, both
are p−regular functions. In Sections 3-6, using p-regular function and the binomial inversion formula, we obtain congruences for
where k, m ∈ N, m ≥ 5 and b is a nonnegative integer. See Theorems 3.1, 4.1, 5.1 and 6.1.
Congruences for E
n } be given by (1.3), and let
for s ∈ N. Then the first few e s (a, b) are as follows: 
Let a be a nonzero integer, n ∈ N and let b be a nonnegative integer. Suppose that α n is a nonnegative integer given by 2 αn−1 ≤ n < 2 αn . (i) We have
Lemma 2.4. Let a be a nonzero integer, k, m ∈ N and b ∈ {0, 1, 2, ...}. Then
where
Proof. Let e s (a, b) and A s (a, b) be given by (2.1) and (2.3). Then E (a)
.
For r ≥ 9 we have ord 2 A r (a, b) ≥ 9(1 + ord 2 a) − α 9 = 9(1 + ord 2 a) − 4 = 5 + 9ord 2 a, and
This yields the result. 
Thus,
From the above and Lemma 2.3 we see that for n ≤ 7,
That is,
Hence, using (2.2) we see that
Similarly,
When 2 | a and 2 | b, we have
Now combining Lemma 2.4 with the above we obtain
To see the result, we note that
When 2 | a and 2 ∤ b, we have
Combining Lemma 2.4 with the above we get
This completes the proof. 
Proof. By (2.4) we have
and
By the proof of Theorem 2.1,
Since m 5 we have
≡ − 32 3 (48a + 16b + 32) ≡ −512(a + b + 2) (mod 2 11 ). Now combining the above congruences with Lemma 2.4 we deduce that
By simplifying the above congruence we obtain the result.
Proof. Putting a = 1 in Theorem 2.2 we deduce the result. 
Also,
Now combining the above congruences with Lemma 2.4, we deduce that
To see the result, we note that a 4 ≡ b 4 ≡ 1 (mod 16),
For n ∈ N and i ∈ {0, 1, . . . , n} let s(n, i) be the Stirling number of the first kind given by 
Lemma 3.2. Let m ∈ {5, 6, 7, . . .}, p ∈ {3, 5} and s ∈ {1, 2, 3, 4, 5, 6}, and let f (k) be a p-regular function. Then 
Proof. From [3, Lemma 7.1] we know that f (k) = (1 − 5 4k+b )E 4k+b is a 5-regular function. By Lemma 3.2, Proof. From [4, Theorem 4.1] we know that f (k) = 1 − (−1) b 3 2k+b S 2k+b is a 3-regular function. Now one can prove the result by using Lemma 3.1 and doing some calculations. 
